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ABSTRACT

The Markov chain method is developed for polarized radiative transfer in a pseudo-
spherical atmosphere with solar illumination. This solution is then used as an initial
guess of the radiation field for a spherical atmosphere. By use of the short characteristic
method, a convergent radiation field throughout the atmosphere is achieved after a few
Picard iterations. We verified this hybrid method by comparing numerical results to
those obtained by a backward Monte Carlo calculation. We carried out a demonstration
calculation by simulating the Titan haze reflected intensity I and Stokes parameter Q, and
degree of linear polarization at 934.8 nm wavelength. Comparison of the I and Q images
to those measured by the Imaging Science Subsystem instrument on the Cassini
spacecraft shows the hybrid method to be useful for radiative transfer analyses for (both
optically and physically) thick spherical atmospheres.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Retrievals of planetary atmosphere and surface proper-
ties from photometric and polarimetric data requires a
reliable radiative transfer (RT) model for radiance and
polarization computation. To ensure accuracy of the for-
ward computation of the limb radiance and to constrain
the solution including linear polarization, a polarized
radiative transfer model that accounts for atmospheric
sphericity and radial inhomogeneity is required. Compared
to the variety of numerical methods available for plane-
parallel geometry, numerical solutions for the spherical
atmosphere are very limited due to the more complex
2-dimensional (2D) nature of the spatial RT problem.

By partially accounting for the spherical geometry,
some approximate methods have been studied for the
2D RT. For example, a pseudo-spherical solution was
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developed [1] by accounting for the incident solar beam
attenuation and single scattering in full spherical geome-
try and then retaining the assumption of a segmented
plane-parallel structure for multiple scattering. For ozone
retrieval using ultraviolet radiance, such a solution was
reported [2,3] to have small errors as the viewing angle
gets close to nadir viewing angles at high Sun condition.
However, considerable error occurs at limb viewing
angles for low solar illumination, which leads to large
uncertainties in the aerosol retrieved from limb radiance.
For some planets of large atmosphere-thickness-to-pla-
net-radius ratio (which can be 500/2576 for Titan), the
limb or terminator radiance errors of the pseudo-
spherical approximation are even more obvious than that
for Earth ( ~ 100/6371). Indeed, the increased curvature of
planet and atmosphere impedes the application of
pseudo-spherical solutions [2-4] to Titan’s atmosphere
in their present form. However, the pseudo-spherical
solutions can be used to initialize the accurate iterative
solutions to RT in a spherical atmosphere.

To account for the atmospheric sphericity in an exact
way, the forward or backward Monte Carlo method has
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been applied to Earth and planetary atmospheres [5-7].
In terms of computational efficiency, however, the deter-
ministic methods, e.g. successive orders of scattering [8],
Gauss-Seidel iteration [9,10], and Picard iteration (or
Lambda iteration) [11,12] have advantages. Of high rele-
vancy to our work is the Picard iteration scheme based on
the long characteristic method (LCM) or the short char-
acteristic method (SCM). In the LCM [13], the intersection
point of a characteristic line with the atmosphere bound-
ary is taken as the reference point and the radiation field
at a current grid point is obtained by calculating recur-
sively the radiation field at the intersection points of the
characteristic line with all spherical interfaces. Such a
method was adopted to study the radiative transfer in
Titan’s atmosphere overlying a Lambertian surface [14].
To improve the convergence the SCM was proposed [15],
which differs from the LCM in that during the inward/
outward recurrence the intersections of the characteristic
lines with outer/inner interfaces of a sub-layer are taken
as the reference points. This way the multiple scattering
component of the radiation field at the reference point is
updated during the recurrence. Starting with a proper
initial guess of the radiation field throughout the atmo-
sphere, the convergent solution is expected to be obtained
in a few iterations.

This paper aims to extend the SCM-based Picard
iteration for polarized radiative transfer in a spherical-
shell atmosphere overlying a polarizing or depolarizing
planetary surface (the term “spherical-shell atmosphere”
means that the atmospheric properties vary only along
the radial direction and are modeled as a collection of
homogeneous spherical shells). In Section 2 we give the
Markov chain formalism for calculating the radiation field
inside the plane-parallel atmosphere, and then give the
correction to get the pseudo-spherical solution. Initialized
by the pseudo-spherical solution the SCM-based Picard
iteration scheme is described in Section 3 to get an
accurate solution to the full-spherical atmosphere. In
Section 4, our method is verified through comparing its
numerical results to those obtained by the Monte Carlo
method and then demonstrated by comparison of simu-
lated and real intensity and polarization images of Titan’s
haze. A summary and outline of future work is given in
Section 5.

2. Markov chain formulation of polarized radiative
transfer

The Markov chain method was initially proposed to
compute scalar radiative transfer in a plane-parallel
atmosphere [16,17]. With the implementation of a
“chain-to-chain adding strategy”, its application in
computing radiative transfer through Venus' atmo-
sphere shows higher computation efficiency than that
of adding/doubling method [17]. Though the total field
is most generally obtained through a matrix inverse
operation, the Markov Chain RT formalism can be cast
in terms of the contributions of different orders of
scattering [16]. Since the inverse matrix is independent
of the solar incidence angle, the radiation field along
different radial lines in a spherical atmosphere can be

initialized immediately. Based on its characteristic
basis in matrix algebra, the Markov Chain method
lends itself readily to implementation on a graphics
processing unit (GPU) for future high-speed com-
putations. Moreover, it can be extended to three-
dimensional radiative transfer problems because, like
the Monte Carlo method, it deals directly with prob-
abilities of transition between states in transport space
(position, direction).

2.1. Plane-parallel atmosphere

Assume that a vertically inhomogeneous plane-parallel
atmosphere of optical depth 74 is divided into N—1 atmo-
spheric sub-layers so that each one has the optical thickness
Aty=Tn,1—Tn (1 <n<N-1)and ty=710. Further assuming
the Nth layer to be the reflecting surface, it has no thickness
so that Aty=0. The light direction is described by the zenith
and azimuth angles v,¢ respectively. Following Chandrase-
khar’s convention [18], the incident solar flux is nF. The
light propagation direction within the atmosphere is dis-
cretized into N, angles over the range 0<pu <1, where
u=|u|=|cos v|, and v is the angle of propagation relative to
the downward normal. After a Fourier series expansion in
the difference between the view and incident azimuthal
angles, ¢-¢o, the “state” of the radiant energy deposited in
each Fourier mode is described by its location layer (indexed
by n) and its direction of propagation u;. In the Markov chain
method, the transition probability from one state (n, u;) to
another (', u;) is given by the transition matrix Q and the
distribution of initial states (from single scattering) is
denoted by Il. To specify the dimension of the matrix used
in the Markov chain formalism, we define Np=N-
N - Ng- Ny - Nseokes Where Ny, is the number of Fourier series
modes which can be cosine (denoted by subscript “c”) or
sine (“s”) so that N,,=2, Ny is the light propagation direction
which can be upwelling or downwelling so that Ny=2, and
the dimension number for Stokes vector represented by the
column vector [I, Q, U, V|7 is Nstoes=4. Defining the Stokes
vector with respect to the meridian plane, the radiation
field inside the atmosphere (or “internal field”) is then
expressed independently for each azimuthal component m
as a consequence of matrix operations on the matrix l'lg’” of
dimension Np x N, and the matrix Q™ of dimension
Np x Np [19,20]:

-1
I = (E-Q™) mmg" 1)

where E is the identity matrix of dimension Np x Np, and
the solution vector I of dimension Np x 1 is formed by the
cosine mode (")) and sine mode (I{")) of the Fourier
component of the radiation field emergent from an atmo-
spheric layer due to the extinction and scattering processes
in it. With Ifng .determined from Eq. (1), the diffuse radia-
tion field emergent from nth layer in direction u; is

Iin (Arn,uj,uo,gbfqﬁo)

o0
-3 % (K7 (At t80)cos m($— o)
m=0 Iy

+lm (ATn,uj,Up ) sin m(c],’)fd)o)], )
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where dom is the Kronecker delta symbol and wj; is the
quadrature weight at p;. Calculation of all matrices was given
previously [19,20]. Note that the radiation field obtained
from Eqgs. (1) and (2) is at the N, discretized angles. To
accurately evaluate the radiation field at arbitrary viewing
and incidence angles, Eq. (1) has to be generalized to be

-1 . .
I =Q" (E-Q™) Ty 11y 3)

where the matrices Q™, Y™, and 1" have the dimen-
sions NyxNp, NpxNipe and Ny % Ninc  respectively,
with Nj, being the number of incidence angles and
Ny=N-Np;- Ng- Nyiew - Nstokess With Nyjew being the number
of viewing angles. Their computation differs from the com-
putation of Q"™ and TI"by using the cosines of the given
viewing and/or incidence angles.

The total radiation field emergent from the boundaries
of the nth layer is a sum over the contribution from all
upper or lower layers, namely

Iy (Tn+1,:ujuu0'¢_¢0) = 1:21 Iin (Afkvﬂjv#o'd’—d’o)

xe(Aru ) expl-(ra— 1) 15
C)]
for downwelling (“—") light, and

L (Tnvllj,ﬂo‘¢*¢’o> = ki Iiy (A‘Ckv*#jyﬂo@*%)
=n

< (ATt Jexpl—(m—tn)/ig]  (5)

for upwelling (“+") light. Note that Egs. (1) and (3) are
based on a constant source function assumption through-
out a sub-layer, and the correction factor c(Aty, ;) in
Egs. (4) and (5) is introduced to get the radiance emergent
from the layer boundaries:

(6)
1, k=N.

As an important characteristic of the Markov chain
method, the matrix inverse (E—Q™)~! is invariant to
incident light profiles. This means that, once the matrix
inverse is determined, the radiation field for different
incidence angles (or more specifically, for different initial
distributions of light in the atmosphere, Ily's) can be
obtained in an efficient way. This greatly improves the
speed of computing the radiation field along different
radial lines in a pseudo-spherical atmosphere since only
solar incidence angle changes for different sets of plane-
parallel atmosphere systems set up along the radial lines.

2.2. Pseudo-spherical atmosphere

In a spherical atmosphere, the radial, angular and
azimuthal coordinates R, ® and ¢ are used as global
coordinates to specify a point with the position vector R
with R/R=(sin @ cos @, sin O sin @, cos @). Dividing the
atmosphere into N-1 layers, setting the Nth layer to be
the planetary surface, and discretizing @ into Ng radial
lines in the domain 0 < ® < 180° and @ into Ny azimuthal
planes in the domain 0 < @ <360°, the atmosphere has

N-Ng-Ng grid points, each one specified by (R, ©;, Pi)
where 1<n<N, 1<j<Np and 1<k <Ng. In the sphe-
rical shell approximation the atmospheric properties are
considered to be a function only of the layer number n.
Then the single scattering albedo (SSA) wo(R)= wo(n), the
extinction coefficient ¢(R)=o(n), and the phase matrix
M(Qc, Qco; R)I=M(Qg, Qcpo; n), where Qg denotes
the Sun direction in global spherical coordinate system
(R, ®, ®). Setting the OZ axis of the global coordinate
system oriented toward the Sun (see Fig. 1), we have
Q:0=10, 0, -1]" and the radiation field for solar illumination
has cylindrical symmetry so that the @ coordinate in the
global coordinate system is not needed.

To specify the direction of diffuse light in local sphe-
rical coordinate system set up at each grid point, the
angular coordinates 0 and ¢ are used as the local viewing
and azimuthal angles (see Fig. 1) so that the direction in
local coordinate system is €;=(sin 6 cos ¢, sin 6 sin ¢,
cos 0)T and ¢=0 and 7 denote the local principal plane
containing the direction of the solar beam and the surface
normal at the grid point.

At any grid point A, Q; can be converted to its
counterpart g in global coordinate system via a rotation
matrix B, namely, Q;=B-Q;, where as a function of Ra,
B is expressed as [22]

C0SO@pcosPy  —Sin®,  SINOACOSDPp
B(Ry) = | COSOASIN®,  cOSPp  SINOaSIindy @
—sin@, 0 cos@p

and vice versa, Q,=B~'- Q.

e | ]

Camera

Fig. 1. Global (XYZ) and local (xyz) coordinate systems set up for
computing the radiation field in a spherical atmosphere and in a
pseudo-spherical atmosphere. The spherical atmosphere in divided into
N—1 layers with the radii Ry (Ri=Rr), Rz, R3, ... and Ry (Ry=Rp) for
spherical interfaces from the top to the bottom of the atmosphere.
The OZ axis of the global coordinate system O-XYZ is oriented toward
the Sun and (O, @) specify the global angular coordinates of a point.
Some grid points (R, @;, @) are denoted by black dots. At any grid point
(e.g., point A in the schematic) a local coordinate system A-xyz is set up
where (0, ¢) are local angular coordinates specifying the diffuse light
direction. In the left half of the figure, a plane-parallel atmosphere is set
up referring to the grid points along the same radial line to compute the
multiple scattering field for the solution to the pseudo-spherical atmo-
sphere. The Cassini camera images of Titan shown below were obtained
at phase angle 94.7°.
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To compute radiation field in a pseudo-spherical atmo-
sphere, the multiple scattering field at the set of grid
points along a radial line (say ® =) is approximated by
the multiple scattering field in a plane-parallel atmo-
sphere oriented perpendicular to the radial line at these
grid points (see Fig. 1). Under this situation, the solar
incidence angle vo=0);. To improve the approximation,
the state vector Ily is modified by introducing the prob-
ability of solar beam transmission from the incident point
s’ at the top of atmosphere to a point s at the outer
boundary of a layer inside the atmosphere, namely [2],

T(s) =exp {— /S (;(s/)ds’] €))

where the extinction coefficient c=xtp, with kt and p
being the total mass extinction coefficient and the total
mass density, respectively. For a given Fourier compo-
nent, the initial state vector is computed by single
scattering due to extinction in the nth layer, namely

™+ (A o) = — Vi Holi
0,c/s ( Tny,uznuo) C(Afn,ﬂ,‘) Wi+ Ho (Sn)wo(n)

1 1 M(C';]s) (—Histtos 1)
X {1—exp {—Arn </70 + E)] } — F 9)
for outward radiation and

_ Wi :
Y (AT ) = m :ﬂlﬁo T(sn)wo(N)
M}

m) .

Ar,,) < ATH>}MC/5(M#0,")
exp( — —exp(——) }—"—~—=F (10a
X{ p( u PU 2 (102

i 0

(m),— ) _ Wi
TG (At ;. t1o) Attt T(sn)wo(n)
At )} M) (5,105 1)
2

x {Arn exp (— F (10b)

1

for inward radiation, when u;##uo and p;=po, respec-
tively, where wg(n) is the SSA of the nth atmospheric
layer, M‘c’}? (Wi ttg; 1) is the cosine (“c”) or sine (“s”) mode
of the mth Fourier component of the phase matrix
describing light scattering from direction yo to w;, and
F=[F, 0, 0, 0]". Decomposing the phase matrix for surface
reflection Mg¢ into Fourier components Mg:r)f,c/s' the
initial state of surface-reflected light is

Hg’?/: (011 tt0) = 2WiT(sN)M§T3f,c/s (=Hitto) HotiF (11)

The line integral in Eq. (8) can be broken into a set of
segments in different sub-layers so that the total optical
path can be approximated by summing over the optical
depth in different sub-layers and for n>2 [21]

n—1
T(sn) ~ €xp (— > okAsn,k>. (12)
k=1

where the length of line segment in kth sub-layer As,
(see Fig. 1) can be determined via the following equation
after invoking some basic triangular relations,

. 1/2 X 1/2
Aspi = (Rf—Rﬁsmsz) —(R%H—Rﬁsmzvo) . (13)

For n=1, T(s,)=1. When the planet radius Rp approaches
infinity the spherical atmosphere tends to be plane-

parallel and T(s,) can be evaluated analytically by
exp(=Tn/Ho)-

After the total radiation field for a plane-parallel atmo-
sphere is obtained by using Egs. (9)-(11) and Egs. (1)-(5),
the single scattering contribution needs to be replaced by the
one evaluated in a full spherical atmosphere so that the
inward radiation field in the pseudo-spherical atmosphere is

Ly (Tn+ 1 vﬂj'H0v¢_¢o) = L sph (R +1,Rr; Qc)

+ 3 =Bl (Athotypto, b~ bo )

k=1

—Linss (Afk.uj.uo.d>—</>o) Ic (Afk.uj) exp[—(Tn—T1)/14]

(14)
and the outward radiation field is
I (Tn-ﬂjvﬂ()v(f’—%) = I sph (Rn, R85 Qc)
+ XN: [L(m—B)1 " [I5h (Afkvﬂjvﬂo-¢—¢o>
k=n
—Iif (Afk-#jvllo'(f)*(f’o) Ic (ATk-llj> exp[—(Tx—Tn)/ 141,
(15)

where the following single-scattering field in the plane-
parallel atmosphere

lin,ss (ATnvuj- Uo, d’*d’o)

_ = 2=dom) [y ‘
= W [HOVC(Arn,uj,uo)cosm(zb—q&o)

m=0

+ 1157 (Atn,u;,u0)sin m(¢—¢0)] (16)

is replaced by the one evaluated in the full spherical
geometry, namely
[R—Ryz

[
Iss,sph (R-RT/B; QG) = /0 Jss,sph(R(f)vQG)

xexp

|R—Res
- / o-(R(f/))clf/} de, (17)
|R(O)—Re s |

where R and Qg denote the position and direction respec-
tively where single scattering is calculated, Ry is the
position vector of the point at the top (Rr) or bottom (Rg)
of the atmosphere where the line integral starts and (R— Ry,
g) is in the direction of solar beam Q¢, namely R(¢) = Ry/s+
Qg¢ and the single scattering source function, Jsspn, for
example, is evaluated by

1 IR-R: |
Jss,sph (R.Q0) = 2XP {— /0 J(R(z))df]
xo(R)wo(RM (R, 26,0; R)F (18)

for R in the lit region of the atmosphere, where R'(¢) = Ry +
Q¢ o (R is the position vector of the point at the top of the
atmosphere that leads (R— R ) to be in the direction of solar
beam Q). Since the Stokes vector of the radiation field in
the spherical atmosphere (including the single scattering
calculated by Eq. (17)) is defined with respect to the plane
containing the incident OZ axis and diffuse light direction
while its counterpart in the plane-parallel atmosphere is
defined with respect to the meridian plane in local coordi-
nate system of the grid points, a rotation matrix [L(t — )]~}
is used in Egs. (14)-(15) for conversion. Specifically
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L(r—pB)=[1, 0, O, 0; O, cos(2p), —sin(2p), 0; 0O, sin(2f),
cos(2f3), 0; 0, 0, 0, 1] with cos f=(Q¢ x R)- (2 x Qcp)/
HQG X RH/ ‘QG X QGVOH.

3. Spherical atmosphere

The SCM-based Picard iteration for computing polar-
ized radiative transfer mainly consists of two steps,
inward and outward recurrence (with boundary condi-
tions applied at the top and bottom of the atmosphere).
Here formalism is given only for inward recurrence since
the same procedure applies to the outward recurrence
with a flip of the recurrence direction.

Starting from a reference point R, on the outer bound-
ary on the nth layer, the radiation field at the grid point
R, .1 on the inner boundary in direction Qg (converted
from Q; via Qg=B(R,,, 1)) can be expressed as

I (R +1,Q26) =1 (R, Q) T(1,Q20) + I (Ry 4 1,Ry; Q)
+l;15(Rn+lan;QG) (19)
where I (R, €)¢) is the downward radiation field at R, in
direction Q¢ (with R,=R,, ; 1-Q¢|R,1-Rx||) and, defin-
ing R(¢)=R,+Qgt with ¢ being the distance to the
reference point R, in direction Qg, T(n, £¢) is the prob-
ability of direct transmission from R, to R,,, ; evaluated as

'HRH+1*RHH
T(n,Qg)=exp|— /O a(R(t))de|. (20)

In Eq. (19), the single and multiple scattering contri-
butions are integrals over relevant source functions:

|Ryy1—Ru|
I (Ro s 1R Q) = /0 T (R(0).92)

HR,,+17R,|H , )
X exp _/H aR)de]de,  (21)

R()—R, |

[Ras1—Ru|
LR 1R 20) = | Jns(R(O.L2)
HRHM*Rn‘
Xexp|— / o(R)de)de.  (22)
|R©O—R |

In Eq. (21), the single scattering source functions, Jss, is
expressed as

Jss(R.Q0)
0, for R in shadowed region,
T iT(RQc0)c(R)wo(RM(Qc,Qc,0: R)F, for Rin lit region,

(23)

where T(R,Qc0)=exp ffOHRT_RH J(R’(L’))df] with R'(¢) =
Rr+Q¢ o¢. And the multiple scattering soutce function in
Eq. (22), Jms, is expressed as

l " / / ’
IR = 4 A sR)o(RM(Qc,B-Q,: R)I(RB- €] )d],
(24)

where M(L;, Q;; R) is the phase matrix describing light
scattering from direction €; to €; at R. Since the light
direction is discretized into Gauss quadrature points in
local coordinate system, the integral is performed over Q;
in the above equation.

With an explicit expression of the single-scattering
source term, the line integral Eq. (21) can be computed
through the Gaussian quadrature along the path. The
multiple scattering, namely line integral Eq. (22), is
evaluated by use of Newton-Cotes formulae in closed
form [22] with the knowledge of source terms J,s at the
two endpoints (R, ) and (R, 1, Q¢), namely,

l;ns(RnJrl,Rn; Qc)~ay (Afn,l).lms(anQG)"‘aZ (Afn,Z)
XJms (Rn41,92), (25)
where A7, ;= O'(Rn)HRrHl*Rn , ATpy = G(Rn+1)HRn+1*

Ry |, and as derived in [15],
1 _
a;(x) = & (x—14e7) (26)
and
1
ar(X) = Z [1-(1+x)e™]. 27

The above formalism (Eqs. (19)-(27)) actually pertains to
an inhomogeneous spherical atmosphere. When spherical-
shell geometry is assumed, the average value of the extinc-
tion coefficient & is used for R, <R<R,,; and a; and a,
have the same arguments At, =G| R,.1—Rx| [15]. More-
over, the phase matrix and SSA only depend on layer
number. Eq. (25) constitutes a recurrence relation: at the
current iteration the contribution of multiple scattering in a
layer of thickness AR, to the radiance at a point R, ; on the
lower boundary of the nth layer can be updated from
radiance at both outer and inner boundaries of the same
layer derived from the previous iteration. In an inward/
outward recurrence direction, the emergent radiance at the
bottom/top of atmosphere is readily obtained. The iteration
is repeated until convergence is achieved. At each iterative
step, the boundary conditions have to be satisfied, namely
for a point Ry at the top of the atmosphere

I" (R1,Q26)=Q (Rr,Q:)=U (Rr,Q) =V (R1,Q2)=0
(28)

and for a point with position vector Rp at the (depolarizing)
planetary surface,

I* (Rp. Q) = /2 ot (Q6.B- Q)™ (Rp,B-2,)d€Y, 29)

where g, is the surface reflection function and Q" (Rp, Q)=
U"(Rp, Qc)=V*(Rp, Qc)=0. The symbols “+” and “—"
correspond to the outward and inward radiance, respectively.
For a polarizing surface, the surface reflection function
Tsurr Needs to be replaced by the phase matrix for surface
reflection

Msurf (QGvB : Q/) = L(n_iZ)rsurf (QGvB . Q/)L(_h) (30)

where rs,r is the surface reflection matrix, i; and i, are
the two angles rotating the Stokes vector into and out of
the reflection plane, respectively [23], and for n=1 or 2
the rotation matrix L(n-i,)=L(-i,)=[1, 0, 0, 0; 0, cos(2iy),
—sin(2i,), 0; 0, sin(2i,), cos(2i,), 0; 0, 0, 0, 1] [23]. This
way, the Stokes vector of the reflected light is evaluated
by

I'* (R, Q) = /2 Moot (Qc.B- Q)1 (RpB-©,)dQ,  (31)
¥/
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Generally the point characterized by the position vector
R, in Eq. (25) is not contained by the grid points at the outer
boundary of the nth layer. Q¢ is not contained either in the
set of discretized angular directions in local coordinate
system associated to R,. Therefore, the source function
Jms(Rn, ©¢) used in Eq. (25) must be evaluated by convert-
ing Q¢ to Q and then interpolating the source function in
discretized local angular directions at the grid points on the
interface R=R,,. Specifically, for our spherical-shell atmo-
sphere, linear interpolation in three dimensions over (@, 0,
@) is used to get Jns(Ry, c) for all Stokes components. The
same interpolation is used to get I (R, ¢) in Eq. (19). The
inward recurrence is speeded up by using the updated
inward radiation field at R=R,,; to get the inward
radiance from the next layer at I" (R, >, Qg). Using the
pseudo-spherical solution formulated in Section 2.2 as the
initial guess and repeating the inward and outward
recurrence, the whole radiation field throughout the atmo-
sphere converges after a few iterations.

4. Computation
4.1. Setup

In this section, we model polarized radiative transfer
in Titan's atmosphere. Titan’s radius at its solid surface
is 2576 km and the visible haze in 2008 extended to
500 km above it. The whole atmosphere is divided into 3
major layers as a function of altitude h, namely,
O0<h<30km, 30<h<80km and 80 <h <500 km, due
to the different aerosol properties in these layers [24]. On
such a basis, each major layer is further divided into sub-
layers of optical depth less than 0.0075.

The Descent Imager/Spectral Radiometer (DISR) on the
Huygens probe provides the opportunity to measure
the aerosol and surface properties inside Titan’s atmo-
sphere. Although the measurement was confined to the
landing trajectory, the Titan atmosphere is assumed to be
homogeneous in each sub-layer so that our 2D spherical-
shell model applies. Under this assumption, our model
takes the wavelength-dependent optical depth (At,) and
SSA (wo ) inferred from DISR’s measurement for 3 major
layers [24]:

AT1(1)=1.012 x 1072723 §5(A11) = 10%,
wo(1)=0.9701 + 0.02, for h > 80 km, (32)

AT,(2)=2.029 x 10°2714%° " 5(A1,) = 15%,
®o(2)=0.9951 + 0.01, for 30 < h < 80 km, (33)

AT3(2) =6.270 x 1027997 5(A15) = 15%,
@o(3)=0.9333 + 0.02, for h < 30 km, (34)

where /1 is the wavelength in nm (350 < 4 < 1600 nm),
0 denotes the measurement uncertainty and the SSA
values are specifically for 7=934nm. In addition,
the phase function of Titan aerosols was tabulated in
[24]. Although Titan’s atmosphere consists of both aero-
sols and gases, the aerosol optical depth dominates by a
large factor and we neglect scattering by gases at
934.8 nm wavelength.

As described in the previous section, the model can
take any surface reflection function that conserves energy
at every incidence angle. However, to use the surface
reflectance (rsyf) obtained from DISR measurement, we
adopt Hapke’s model [25] with parameters derived from
DISR measurements [26]:

/

u
W+ i

[Prc (g, m—0tp)Bsy(otp) + M (14, 1t) | B (oip)
(35)

o
Tsurf = I

where @y is the SSA, ' and u are the cosines of incidence
and viewing angles, respectively, in the local coordinate
system of a grid point on the surface, op is the phase
angle, BSH(ap) accounts for the shadow hiding opposition
effect via peak width hs and amplitude Bsg:

hs 2

Bcg(ap) accommodates the coherent backscatter opposi-
tion effect via hc and Bcg:

—1
Bsy(op) = 1+4Bsg |:] + lté\l‘l <%>:| , (36)

1 1 op
Beg(op) =1+ EBCO <] +{1—exp {—h—ctan (7):| }

1 op -1 1 olp -2
x {Etan(i)} ) {1 + Etan<7)} , (37)
M is the multiple scattering term:
M (', pt) = P(w ) IH()—1]+P[H (1) ~1]

+A[H(H)_]][H(M1)—1] (38)
where H(x) is Chandrasekar’s H function [27] and
P(X) =1 + Z Anann(x) (39)
n=1
A=1+ " Alb, (40)
n=1
_1\(n+1/2 “3x5x...x
Aﬂ — ¢ 1)11 2><]4><3é><5...><(ni1)' n:Odd (4_1)
0, n=even

where b,, are the Legendre expansion coefficients of the
phase function,

Pyc(g,)=1+ i bn(g)Pn(cos w), (42)

n=1

and Pyg(g, o) is the Henyey-Greenstein (HG) function
[28],
Puc(g,o) =

1— 2
g 5 (43)

[1+g2—2gcos o

where o is the scattering angle (a¢=m—op). Hence,
b,(g)=(2n+1)g". To conform to the model assumption of
a homogeneous surface and utilize the DISR measurement
results, the photometric properties of the surface for
2=930 nm which was measured near the landing site of
Huygens probe were used for 2=934.8 nm and the whole
surface. DISR data fitting gives @g=0.607 + 0.004,
hs=0.039 + 0.045, Bsp=1.00, and g=0.028 + 0.070, and
additionally hc=0.01 and Bcg=0.41 [26]. Noticing that
Hapke’s model might not conserve energy under some



F. Xu et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 117 (2013) 59-70

situations [29], energy conservation was checked and
found not to be violated at these fitting parameters.

4.2. Model verification: comparison of numerical models

To verify our new algorithm, we compared results for a
Titan atmosphere-like case against a backward Monte
Carlo code where each scattering event is modeled from
the analytic phase function (The backward Monte Carlo

65

code was designed by us according to [30,31] for polarized
radiative transfer in a spherical atmosphere). Titan’s
atmosphere is a more severe test case than the terrestrial
atmosphere because of the large extension of the haze
(500 km above the surface) relative to the radius of the
solid surface (2576 km). Instead of interpolating the tabu-
lated values of the phase function of Titan's aerosols
in [24], for verification purposes, we used a double
Henyey-Greenstein function (DHG) parameterized by two
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contribution by using the smallest aerosol optical depth

asymmetry factors g, g, and a fraction factor f,, namely,
computed from Egs. (32)-(34) across the wavelength

P11(%0) = fPuc (84,0) + (1—f 4 ) Prc (&5, 1).- (44) range, which is 1.43 for A=1600 nm, and then dividing
it by a scaled factor 2.9 so that total aerosol optical depth

Using the DHG, the phase function and the sampling of is further reduced to 0.5. The aerosols contained by Titan’s
the new direction in the Monte Carlo method can be haze have a highly-peaked phase function while most

numerical methods, including Markov chain and Picard

evaluated analytically and the sampling accuracy of the
iteration have difficulty in efficient RT computation in

backward Monte Carlo method is thus guaranteed.
To speed up the Monte Carlo computation and test their present form. Therefore J-truncation strategies,

whether the surface reflection is properly built into the originally proposed by Potter [32] and later designed into
model, we let the surface reflection have more different forms (e.g. J-fit [33], 0-M without [34,35] or
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Fig. 4. Same as Fig. 2 but for the comparison of I in an off-principal plane, namely ¢=45° (with negative viewing angles along x-axis) as well as 225°
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with [36] intensity fluctuation correction, etc.) are widely
applied by cutting off the strong forward peak and
compensating the truncation by adjusting the SSA and
the aerosol optical depth. To avoid the small errors
introduced by o-truncation, less forward-peaked HG func-
tions were set for 3 aerosol layers in our testing cases,
namely, g,(1)=0.40, g,(1)=-0.10, g,(2)=0.30, g,(2)=
—0.05, g43)=0.20, g,(3)=-0.025, and f,(1)=f,(2)=
fa(3)=0.5. This way, é-truncation is unnecessary and both
methods give “natural” results without artificial adjust-
ment of input parameters. Other scattering matrix entries
are derived by assuming the ratio P;/P;; of aerosols to be
similar to that of Rayleigh scattering [37,38]:

Py(o)/P11() =1 (45)
P33(0r) /P2 () = 2coso/ (1 +cos?or) (46)
P12(20)/P11(0) = —psin®a/ (1+cos?a) (47
P34(00)/P11() =0 (48)

where p is a scaling factor for polarization. The phase
matrix is then obtained by multiplying the scattering
matrix by two rotation matrices, namely [23],

M(Q,Q';n) =L(n—iy)P(acos (Q-Q'); m)L(—iy). (49)

Moreover, the angular space for the multiple scattering
source function integral is discretized into 16 uniformly-
spaced viewing angles in the half planes 0° < 6 <90° and
90°<0<180° and 27 azimuthal angles in the range
0< ¢ <360°. In addition, the domain 0<® <180°
is divided into 181 radial lines. To generate a high
polarization of aerosols, p is set to be unity as for Rayleigh
scattering. Together with the setting Py4(ot; n)/Pss(a; n)=1,
the basic relationship of scattering matrix elements at the
forward and backward scattering angles and the Cloude
criterion [29] are fulfilled so that the constructed scatter-
ing matrix is physically sensible.

0.35

Pixel Number

350 450 550 650 750
Pixel Number

Fig. 6. I/F measured by ISS measured by ISS. The edge of Titan’s solid
surface is denoted by the white circle. In this and subsequent images
solar illumination is from the bottom of the image.

Assuming solar flux mF=m and setting the SSA
wo(1)=0.92, 0p(2)=0.94 and w(3)=0.96, Figs. 2 and 3
give respectively the comparison of radiance intensity I
and Stokes parameter Q as a function of the local viewing
angle (0) computed by the hybrid method (HM) and the
backward Monte Carlo method (MCM) in the principal
plane (with local azimuthal angles ¢=0° and 180°).
Three Picard iterations were used to get the HM results.
The same comparison is made in Figs. 4 and 5 for off-
principal planes (with local azimuthal angles ¢=45° and
225°). The radial and global angular coordinates of the
point where radiation fields are displayed are R=Rt (top
of atmosphere) and ®=0°, 45°, 90°, 135°, and ®=180°,
respectively (©® =0° and ® =180° correspond to the direc-
tions toward and opposite the Sun, respectively). Setting
the MCM history count to 10°, the backward Monte Carlo
intensity I and Stokes parameter Q computed for ®=0°,
45° and 90° and 0<70° have uncertainties less than
~0.5% and ~5%, respectively. For both I and Q, it can be
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Fig. 8. I/F modeled by HM.
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observed that the calculation by the HM agrees well with
that of the MCM. The uncertainties for the Monte Carlo
prediction, which were not plotted in Figs. 4 and 5 cover
the deviation of the two methods at most angles. More-
over, it can be observed in Figs. 2-5 that, except for a
directly backward scattering peak at 0=0°, both I and |Q|
have a general increase until 0 approaches the transition
angle 6.=asin(Rp/Rr)=56.7°, where the line of sight is
tangential to the solid surface. Beyond 6, with the
decrease of optical depth both I and |Q| decrease to zero
at 0=90.0°. Moreover, at the same local viewing angle |0,
the values of I and |Q| at positive 0 are larger than their
counterparts at negative 0 because the viewing ray
corresponding to a negative 0 angle partly traverses a
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Fig. 9. |Q|/F modeled by HM.

0.35 T T

region shadowed by the planet so that less illuminated
atmosphere contributes to the radiation field.

4.3. Model validation: real and simulated image comparison

To illustrate how the code described here may be used
to retrieve aerosol optical properties we simulated light
scattered from Titan’s haze and compared the model
result with the images obtained by the ISS (Imaging
Science Subsystem) instrument on the Cassini spacecraft.
Photopolarimetric measurements of the limb intensity
can provide data to derive vertical profiles of haze proper-
ties and so we wish to accurately model the limb radiance
and polarization as well as the radiance and polarization
closer to the nadir.

We chose two images of Titan (IDs W1604461118 and
W1604461260) from day 309 of 2008. At that time Titan’s
haze could be seen by the ISS cameras to extend to about
500 km altitude. Both images were taken with the CB3
filter (central wavelength near 934 nm). At this wave-
length the haze optical thickness is low enough to
transmit surface contrast, but greatly diminished relative
to the intrinsic contrast. As illustrated in Fig. 1, the phase
angle of the ISS camera was 94.7° when the measure-
ments were made. Image W1604461118 was coupled to
the IRPO polarizing filter (passes light with the electric
vector in the vertical direction in the image plane) and
W1604461260 was coupled to the IRP9O filter. Both filters
transmit more than 90% of the light whose electric vector
oscillates in the plane parallel to the polarizing direction
and less than 1% of the perpendicular electric vector is
transmitted. Together these can be combined to yield
intensity and Stokes parameter |Q| defined with respect
to the image coordinates (see [39]). The image was
calibrated using the CISSCAL software [39]. As a result,
Fig. 6 shows the image of I/F where I is the reflected
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Fig. 10. Separate view of the measured and modeled I/F at the pixel rows (r) 300, 350, 400, 450, and 500.
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intensity and nF is the solar flux and Fig. 7 shows the
image of |Q|/F.

As described in Section 4.1, the aerosol properties and
surface reflectance derived from DISR measurements
[24,26] are used to simulate the images. With the setting
p=0.98 (p is the only free parameter in our model), the
phase matrix is constructed from Eqgs. (45)-(48) and
Pyq(o; n)[P33(o; n)=1. The scale height of the outmost
layer is inferred to be 65 km according to DISR measure-
ments (with an uncertainty of 20 km) [23]. The modeled
IfF and |Q|/F images are illustrated in Figs. 8 and 9.
Intensity along several pixel rows from Fig. 10 indicates
increasing deviation close to the limb. Near the sub-solar

point at the limb however, the modeled and measured
|Q|/F have better agreement, as indicated by Fig. 11.
Differences between modeled I/F and |Q|/F can be traced
to Titan’s haze being not perfectly symmetric and the
surface contrasts are not modeled. Moreover, the mea-
sured aerosol and surface properties along the DISR
landing trajectory may not hold at locations far from the
landing site and we have not attempted to fit all latitudes
and altitudes by optimizing parameters. As a supplement,
Fig. 12 gives the modeled image degree of polarization
(DOLP) which is defined to be (Q*+U?+V?)'//I. Though
DOLP is not measured by ISS, it can be well represented by
the measured results of |Q|/I since |DOLP-|Q|/I| is found
to be less than 1% in Fig. 13. This is due to the very small
contribution of U when the polarizers are aligned parallel
and perpendicular to the scattering plane.

5. Summary and outlook

We have developed a hybrid method to compute the
Stokes vector field throughout a vertically extended
spherical atmosphere. The method starts with a Markov
chain computation of the Stokes vector field inside a
pseudo-spherical atmosphere. The new forward model
was tested against the backward Monte Carlo method for
a synthetic atmosphere with different aerosol properties
in three layers, resulting in excellent agreement for both
intensity I and Stokes parameter Q. With the knowledge
of Titan’s aerosol and surface properties derived from
DISR measurements, the images of I/F and |Q|/F were
modeled and compared to the real ones measured by ISS
at 934.8 nm. To reduce the deviation of the modeled I/F
and |Q|/F and the measured ones, better knowledge of
aerosol and surface properties needs to be obtained,
which forms the target of our future work. Specifically,
we will use the limb-viewing radiance and Q for aerosol
retrievals where the contribution of surface is small. With
improved knowledge of aerosol properties, the surface
can be better retrieved with the aid of the spherical
RT model.
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